Abstract. This work examines the possible projectivity of 2-modular block parts of non-projective Lefschetz characters over 2-local geometries of several sporadic groups. Previously known results on M12, J2, and HS are mentioned for completeness. The main new results are on the sporadic groups Suz, Co3, Ru, O ′ N , and He. For each group, the Lefschetz character is calculated, and the 2-modular blocks are examined for projectivity. In each case it is confirmed that a non-principal block contains a non-projective summand. The cases of O ′ N and He are additionally found to have a non-projective summand in their principal blocks.
Introduction
Brown [Bro75] and Quillen [Qui78] introduced the study of the partially ordered set of p-subgroups of an arbitrary finite group G for an arbitrary prime p. Webb [Web87b] initiated similar study of geometries for sporadic groups, such as those in Ronan-Smith [RS80] . Ryba-Smith-Yoshiara [RSY90] showed via Webb's method that 11 sporadic groups give projective Lefschetz modules for p=2. More recently, Benson-Smith [BS06] studied the geometries for the remaining 15 sporadic groups, and observed that the Lefschetz character always seems to have a non-projective constituent from a non-principal 2-block of small defect [BS06, footnote after Theorem 8.2.1]. This work provides the Lefschetz character in terms of 2-modular irreducibles for the cases which are within range of present computation.
Here is a summary of the status of the literature concerning sporadic Lefschetz modules in characteristic 2. Of the 26 sporadic groups, 11 have 2-local geometries with projective Lefschetz modules, and most of these have been calculated previously [RSY90] . Of the remaining 15 with non-projective Lefschetz modules, the Lefschetz characters in terms of irreducibles already have been calculated by other authors for three of these groups (M 12 , J 2 , and HS). On the other hand, there are 7 of the remaining 12 groups whose 2-modular irreducibles are not yet known. Thus there are 5 sporadic groups (Suz, O ′ N , He, Co 3 , and Ru) with non-projective Lefschetz modules whose 2-modular irreducibles are known [Bre99] , but whose Lefschetz characters in characteristic 2 have not yet been discussed in the literature.
In this work, we calculate the Lefschetz characters and their mod 2 block decompositions for those five sporadic groups, namely Suz, O ′ N , He, Co 3 , and Ru. In addition, we verify a refined version of the Benson-Smith conjecture for all currently possible cases. We find that both O ′ N and He each have a non-projective part in their principal blocks, while the other 3 have projective principal block parts.
This paper is a version of the author's Ph.D. thesis at the University of Illinois at Chicago.
Notation and Assumed Results
2-Local geometry. Concise sketches of the background and history of geometries for simple groups can be found at [Smi07, §2.1] and [BS06, §7.1]. Throughout this paper, we will work in characteristic 2. The "2-local geometry" is defined as the geometry of the 2-local subgroups in the sense of Benson-Smith [BS06, §7.2]: for each group, the natural geometry is a simplicial complex determined by certain maximal 2-local subgroups. The vertices in the geometry are identified with the maximal subgroups themselves, and simplices of higher dimension are determined by (and often can be identified with) suitable intersections of maximal subgroups.
The Lefschetz character. The (reduced) Lefschetz module of a complex ∆ is the virtual module given by the alternating sum of the chain groups [RSY90, p. 281]:
Its degree term is the (reduced) Euler characteristic: [CCN + 85, p. x]. Its natural finite geometry is the projective plane P 2 (2), from the natural F 2 G-module V = (F 2 ) 3 . As mentioned above, the Lefschetz module is actually a virtual module. Thus for consistency, we negate the Lefschetz character here so that its dimension is positive. The Lefschetz character values are shown in the following table. Order of g 1 2 3 4 7
Tr g, L 8 0 -1 0 1
As a final note for this example, we mention that this Lefschetz character equals the irreducible complex character χ 6 (the Steinberg character) in the Atlas. The Lefschetz module for L 3 (2) is in fact projective, as is the case for 11 of the 26 sporadic groups. By contrast, our work will focus on groups with non-projective Lefschetz modules. The following notation will be useful. Throughout this work, when we informally say "inducing a subgroup," we mean inducing a character (usually the trivial character unless otherwise stated) from the specified subgroup up to the group. We calculate Lefschetz characters by inducing representations through a chain of subgroups: from intersections of appropriate maximal 2-local subgroups up to the maximal subgroups themselves, and then up to the whole group.
1
Tests for failure of projectivity. We use two standard properties of projective modules. For each of these, the contrapositive presents a quick check for failure of a Lefschetz character to be that of a projective module.
Lemma 2.6 (The vanishing test). If L(∆) is projective, then the Lefschetz character vanishes at the nontrivial 2-elements.
Remark 2.7. Historically, the Lefschetz character values on the 2-elements were among the earliest properties studied for sporadic geometries. Indeed in Webb's contractibility argument [Web87a] , the aim was to show that for each nontrivial 2-element a, the fixed-point subcomplex ∆ a was contractible. This hypothesis not only implied that the Lefschetz character value at each 2-element was 0, it also showed that the Lefschetz module was projective. This was the method employed by Ryba-Smith-Yoshiara [RSY90] to verify projectivity in their 11 sporadic cases.
In these remaining 15 sporadic cases where L(∆) is not projective, there are often some 2-elements a with ∆ a contractible. However, there must also be at least some other 2-element b for which ∆ b is not contractible.
We mention an experimental observation: this nonzero value for the Euler character often matches the Euler characterisic value for a well-known noncontractible geometry. This hints that perhaps our geometric structure ∆ b is homotopy equivalent to the other well-known geometry. We will suggest such possible geometries at various later points.
Partition of the sporadics based on their Lefschetz characters. We categorize the sporadics into three different classes based on three different ways to obtain acyclic Lefschetz modules.
Class I groups are sporadic groups whose Lefschetz modules are projective. We will refer to each group in this class as a "Lefschetz Module Projective."
A Class II group is one such that the Lefschetz module restricted to the principal block part has the character of a projective module (perhaps zero). This is the case with three groups previously studied in the literature (M 12 , J 2 , and HS), and we will show this to be the case with three more sporadics (Suz, Co 3 , Ru). We will refer to a sporadic group in this class as a "Principal Block Projective."
Finally, a Class III group contains a non-projective summand in the principle block part of its Lefschetz module. This class contains groups with the most subtle acyclicity properties. Lefschetz modules for groups in this class are non-projective, and may have non-projective parts in non-principal blocks. However, they are distinguished from the above class by having a non-projective part in their principal block. Since they must still be acyclic modules by Benson-Smith The definition of representation theoretic nucleus refers to varieties for modules, not the modules themselves. We do not pursue varieties here, however, as our study focuses on the literature [CR94] of modules in the nucleus (or "nucleus modules"), this work concretely exhibits (for the first time) examples of such modules naturally occurring in the context of L(∆): in the O'Nan group and in the Held group. We will refer to a group in this class as "Principal Block Non-projective."
The Benson-Smith conjecture. In section 8.2, Benson and Smith [BS06] remark, "For all 15 sporadic groups G. . . for which the 2-local geometry ∆ is not homotopy equivalent to S 2 (G), it seems that the reduced Lefschetz module involves an indecomposable in a suitable non-principal 2-block of G of small positive defect. No general explanation for this phenomenon seems known."
We use the symbol ∼ to denote homotopy equivalence. As suggested earlier in this section, ∆ ∼ S 2 (G) is essentially equivalent to L(∆) being nonprojective [BS06, Paragraph before Notation 6.9.3]. Also, Benson-Smith had not seen the larger examples we study here, including some unexpected results mentioned above. So for our purposes, we can formulate the conjecture as follows.
Conjecture 2.8 (Refined Benson-Smith conjecture). All 15 sporadic groups affording non-projective Lefschetz modules have a non-projective part in a non-principal block of small but nonzero
3 defect.
In view of the p-test 2.5, this conjecture suggests that a non-principal block will contain a part Φ of the Lefschetz character that violates the test, i.e. such that |G| p does not divide Φ(1).
In addition, Smith [Smi05] observed a pattern: the defect of the largest non-principal block seems to equal the 2-power difference between | L| 2 and |G| 2 . We seek to verify this pattern for all five sporadic groups we study. 
Review of known cases
We mentioned in Section 2 that there are three sporadic groups with non-projective Lefschetz characters which have already been calculated explicitly by other authors: M 12 , J 2 , and HS. However, the 2-modular block decomposition of the Lefschetz character has not been uniformly described for all these groups in the literature. In this chapter, we present the Lefschetz characters as previously calculated, and then proceed to display the 2-modular block decomposition. 5 acyclic modules themselves. So when we describe a "module in the nucleus," we actually mean that that the variety of the module lies in the nucleus.
3 Blocks of defect 0 may well occur, and these are not considered relevant to the comparison of the principal block with a block of small positive defect. 4 For an approach to this pattern via vertices of modules rather than blocks, see Sawabe [Saw06] . 15 . They observed that these characters lie in the non-principal block.
We express the Lefschetz character as a vector with columns indexed by the conjugacy classes of M 12 . Since we are studying projectivity in characteristic p = 2, we focus our attention on the 2-elements: entries at the conjugacy classes 2A and 2B as given in the Atlas for M 12 [CCN + 85, p. 33]. These are listed in boldface, and the 2-part of the dimension is indicated:
2-Modular block decomposition.
We see that ∆ 2A is not contractible. From the viewpoint of Remark 2.7, the value -4 in L M 12 matches the degree of the Lefschetz module of the non-contractible building Σ of a subgroup L 2 (4) in the centralizer of a 2A element. This suggests that ∆ 2A may be homotopy equivalent to this particular Σ (this is probably known but not published).
Finally, as we study these non-projective Lefschetz characters, it may be useful to examine how "close" each one is to being projective. We can express the Lefschetz character in terms of its projective and non-projective parts as: L M 12 = P (ϕ 6 ) + χ 15 . (Here P (ϕ 6 ) denotes the projective cover of the 2-modular irreducible ϕ 6 in the notation of [Bre99] .)
The Janko group J 2 . The Atlas [CCN + 85, p. 42] tells us the relevant maximal subgroups:
Benson and Smith [BS06, after Theorem 8.7.1] observe that the Lefschetz character of J 2 can be expressed as a combination of its irreducible complex characters: L J 2 = χ 16 + χ 17 + χ 19 , noting that these characters lie in the non-principal block. Correspondingly, we calculate the character values: Block decomposition. Again from the viewpoint of Remark 2.7, the value -4 at class 2B matches the degree of L(Σ) for building Σ of an L 2 (4) in C(2B), 6 which suggests that ∆ 2B may be homotopy equivalent to this Σ (again, this 6 C(2B) is shorthand for the centralizer of conjugacy class 2B.
is probably known). We can express the Lefschetz character in terms of projective and non-projective parts as:
The Higman-Sims group HS. The maximal 2-local subgroups of HS are found in the Atlas [CCN + 85, p. 80]:
, and As a combination of irreducible complex characters of HS, we have: For convenience in later calculations, we can express this as a vector with entries given by the coefficients of the above expression: L HS = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 2, 2, 1, 2, 2, 2, 2, 2, 4 ]. Now we are ready to examine the contributions from each block.
Block decomposition. For the principal block, we can check that 2P (ϕ 8 ) matches the corresponding coefficients of L HS pr exactly. So we can express this as L HS pr = 2P (ϕ 8 ). Hence the principal block part of the Lefschetz character of HS has the character of a projective module.
For block 2, a few basic computations show that L HS b2 cannot be expressed as a combination of projective covers of 2-modular characters. The "closest" we could come is: L HS b2 = P (ϕ 6 ) + P (ϕ 7 ) + P (ϕ 9 ) + χ 24 . Observations. Note the pattern observed by Smith: |M 12 | 2 = 2 6 and | L M 12 | 2 = 2 4 and the non-principal block of M 12 has defect 2. Next |J 2 | 2 = 2 7 and | L J 2 | 2 = 2 5 and the non-principal block of J 2 has defect 2. Finally |HS| 2 = 2 9 and | L HS | 2 = 2 7 and the non-principal block of HS has defect 2. In each case, the defect of the non-principal block matches the 2-part difference between the 2-part of the group order and the 2-part of the dimension of the Lefschetz character. We will continue to check this pattern throughout our study.
The Suzuki group
The first sporadic group we examine is the group Suz, discovered by Suzuki. Since we are investigating the 2-local geometry, we study the maximal subgroups which contain the Sylow 2-group. We choose a representative for each set of conjugates, and number them by the rank of the centers of their largest normal 2-subgroups [CCN + 85, p. 131]:
, and
Geometry. The diagram for the natural geometry of Suz is given in RonanSmith [RS80, p. 288] as:
We proceed as in Benson-Smith [BS06, Def. 5.3.2] and give additional background information. 7 The set I := {1, 2, 4} indexes the "simplex of subgroups" H I of Suz. This simplex is determined by the H i , with H J := i∈J H i for all nonempty subsets J ⊆ I. For simplicity, we will use the notation H ij (without braces) to represent the subgroup H {i,j} , etc.
The Lefschetz character in this geometry is an alternating sum of the permutation representations on vertices (with stabilizers H 1 , H 2 , and H 4 ), edges (with stabilizers H 12 , H 14 , H 24 ), and 2-simplices with stabilizer H 124 .
7 Many thanks to Professor Robert A. Wilson of Queen Mary University of London for showing me the step-by-step details of how to do this process. We will explain this procedure in fuller detail this first time, as we don't expect our readers to be familiar with working with the geometry. These calculations for other groups work similarly, so we will summarize later cases more briefly.
Inducing subgroups. For this first case, we present a little extra detailnamely a brief indication of some group-theoretical concepts in the setup, which is the input for making calculations in GAP. As described in Section 2, we are able to compute the Lefschetz character by inducing the trivial representation of each stabilizing subgroup up to Suz and combining these in an alternating sum. Since H 1 , H 2 , and H 4 are maximal subgroups of Suz, their permutation characters are known and are readily available in the Atlas [CCN + 85] and in GAP. Thus we can immediately use GAP to induce these maximal subgroups 8 up to Suz. GAP does not have the permutation characters for the intersections of the maximal subgroups, however, so we have to do some preparatory work to set up for GAP to help us. The diagram plays a key role in this process. We use selected residues (i.e. links of simplices) described by the diagram to find which characters of the intersections are needed in the calculation of induced representations. By the transitivity of induction, we know that, for example,
We Using the diagram, inducing H 14 to H 1 corresponds to inducing 2 · (A 4 × A 4 ) · 2 up to U 4 (2). The Atlas gives this permutation character to be 1a + 20a + 24a. We have
We could go through any chain of intermediate subgroups H J to induce from H 124 to Suzuki, but it seems easiest to go via H 12 and H 1 .
Using the diagram, H 124 induced up to H 12 will have the same permutation character as A 4 (index 5) induced up to A 5 . The induced character must be 1a + 4a, as indicated in the Atlas entry for A 5 [CCN + 85, p. 2]. Our approach can be summarized as:
There is a mild complication here, in that GAP does not contain the character tables of maximal subgroups such as 2 4 : A 5 of U 4 (2), so it is not set up to do the induction [4a] H 12 ↑ H 1 . But this can be calculated using the viewpoint of Smith [Smi90] . We display the result in the style of the Atlas:
Res(H 1 ) has taken care of all but one of the intersections of maximal subgroups we need to induce up to Suzuki. The last one needed is H 24 , which we examine in Res(H 2 ). We have
We are ready to calculate the Lefschetz character of Suz as an alternating sum, with the sign at a simplex σ given by (−1) dim σ . To summarize our previous findings:
We can do some quick cancellation in the above equations and simplify the final calculation: 
This is the Lefschetz character in scalar product form, i.e., the columns are indexed by the irreducible complex characters of Suz.
We use these coefficients of irreducible characters along with the decomposition matrix to break down L Suz into projective and non-projective parts. We find L Suz pr = P (ϕ 13 ) + P (ϕ 14 ). Hence the principal block part of the Lefschetz character of Suz has the character of a projective module.
For block 2 (of defect 3), the "closest" we can come to decomposing L Suz b2 into projectives is: L Suz b2 = P (ϕ 15 ) + P (ϕ 16 ) + χ 43 . Hence despite "almost" having the character of a projective module, we see that the block 2 part of the Lefschetz character of Suz is non-projective.
We have now verified for this case the Benson-Smith conjecture: that the non-projective part appears in a non-principal block of small positive defect.
Thus Suz is categorized into Class II-it is a "Principal Block Projective" group. Furthermore, the non-principal block has defect 3, which matches the 2-power difference between |G| 2 = 2 13 and χ 2 = | L Suz | 2 = 2 10 , continuing the pattern noticed by Smith.
The Lefschetz character values separated into blocks. Earlier we found the Lefschetz character indexed by the conjugacy classes of Suz (we now indicate the 2-elements in boldface): L Suz = [ 4189184, 0, −64, 3968, -352, -73, 0, 0, 0, 8, -16, 9, 0, 0, 0, 0, -1,  -1, 0, 0, 0, 2, 2, 0, 1, -1, 0, 0, 0, -1, 0, -1, -1, -1, 2, 2, 3, 0, 0, 0, -1, -1, 0 ] .
We can express the Lefschetz character restricted to the principal block as a vector with columns indexed by the irreducible complex characters of Note that the vanishing test 2.6 tells us that this block part is nonprojective, as the character is nonzero at the 2B conjugacy class. From the viewpoint of Remark 2.7, this value of -64 is also the degree of L(Σ) for the building Σ of L 3 (4) in C(2B). We suggest that possibly ∆ 2B ∼ Σ.
The O'Nan group
The next group we look at is O ′ N , discovered by O'Nan. Much of this process is the same as with Suz, so we present a somewhat more abbreviated study with fewer details. The maximal subgroups of interest are [CCN + 85, p. 132]:
. L 3 (4): 2 1 , and
. With only two maximal subgroups, the process of obtaining the Lefschetz character is much simpler. We have only one intersection to find: H 13 , and we can induce it via:
So we induce the following characters:
One easy cancellation leads to the final calculation.
Using GAP, we obtain the Lefschetz character (negating to obtain positive
254294272, 8960, -44, 0, 0, -8, -4, -48, -13, 0, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 1] .
The Lefschetz character as a combination of irreducible complex charac- 8, 4, 4, 12, 12, 22, 22, 22, 16, 34, 36, 36, 36, 30,  40, 40, 44, 66, 80, 98, 98, 97, 97, 102, 115, 115, 115, 120, 120 ] ].
Block decompositions.
The principal block. We might expect that the principal block has the character of a projective module as it did in Suz. Notice that |O ′ N | 2 = 2 9 does indeed divide | L O ′ N pr |, so the p-test 2.5 passes, and we might possibly expect for L O ′ N pr to have the character of a projective module. However, the vanishing test 2.6 actually rules out this possibility: this character does not vanish at the 2-element, and so L O ′ N pr is actually not projective! This seemed a somewhat surprising result. In fact, we find that this block is in some sense very far from having the character of a projective module, unlike the block 2 part for Suz, which was much "closer" to being projective. After trying many different linear combinations, we found the "best" combination (in terms of minimizing the coefficients of non-projective components) to be The defect 0 blocks. Unlike in Suz, the Lefschetz character of O ′ N has several blocks of defect 0, which are of course projective (in a rather trivial way). Using the full decomposition matrix of O ′ N , we can see that blocks 3 through 7 each consist of a multiple of a defect 0 character:
Observations. The refined Benson-Smith conjecture 2.8 states that for all 15 sporadics with non-projective Lefschetz modules, the non-projectivity of L involves an indecomposable in a non-principal 2 block of small positive defect. This is true for O ′ N , as the block of defect 3 is non-projective. However, we have found a result for O ′ N that Benson-Smith did not seem to predict: the principal block part of its Lefschetz character contains a non-projective summand. Thus O ′ N is categorized into Class III-it is a "Principal Block Non-projective" sporadic group. This makes O ′ N the charter member of this class. 1] ). This discovery for O'Nan provides a "natural" example. Furthermore, the principal block part is the only one we find in our study to pass the p-test 2.5, yet fail the vanishing test 2.6.
Recall from Section 2 that Smith observed a pattern for several sporadics: the defect of the largest non-principal block equals the 2-power difference between | L| 2 and |G| 2 . As stated, this pattern does not hold for O ′ N , since its largest non-principal block has defect 3 but the 2-power difference between | L| 2 and |G| 2 is only 1.
The Held group
Our next group is the Held group He. The maximal 2-local subgroups are [CCN + 85, p. 131]:
, H 6a ∼ = 2 6 : 3 . S 6 , and H 6b ∼ = 2 6 : 3 . S 6 . There is an outer automorphism of He that switches H 6a and H 6b , and fixes H 1 . The diagram for the natural geometry of He is given in RonanSmith [RS80, p. 288] as: 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 
GAP makes the calculation from here, and we get the Lefschetz character with columns indexed by the conjugacy classes of He: Block decomposition. Any attempt to express the principal block of He as a combination of projective covers of 2-modular characters fails quickly. Our "best" attempt to minimize non-projective components has only one projective cover and so many complex characters that it is not worth printing.
As with the previous groups, we take the Lefschetz character in terms of its complex characters and separate it into blocks. For the principal block, we get L He pr = [
802176, 2656, 448, 348, -69, 32, 32, 16, -49, -8, -5, -3, -3, 46, -10, -10, 0, 11, 2, -1, -11, -11, 0, 0, -7, 14, 14, -2, -2, -6, -6, -3, -3 ]. Since the 2-part of He has order 2 10 , the p-test 2.5 tells us that this principal block part of the Lefschetz module is non-projective.
For block 2 (of defect 3), we have L He b2 = [
60160, 640, 0, 58, 40, 16, 0, 0, 10, 10, 0, 2, 2, 37, 16, 16, 0, -10, -2, 0, 10, 10, 0, 0, -2, -3, -3, -5, -5, 5, 5, 2, 2 ]. Since |He| 2 = 2 10 , the p-test 2.5 tells us that the Lefschetz module restricted to this block is also non-projective. We use the decomposition matrix to see how "close" this block is to being projective: L He b2 = 2P (ϕ 14 ) + 3χ 12 + 3χ 14 + χ 16 .
The parts in blocks 3 and 4 must be projective, since they have defect 0. We have L He b3 = 6ϕ 15 , and L He b4 = 6ϕ 16 . Observations. We have found that the Lefschetz character of Co 3 behaves as the refined Benson-Smith conjecture 2.8 anticipated, as its non-projective part is completely contained in the block of defect 3. So Co 3 is a Class II "Principal Block Projective." Also, this defect value of 3 matches the 2-power difference between |Co 3 | 2 and | L Co 3 | 2 , following Smith's observation.
The Rudvalis group
The final sporadic group studied here (since its 2-modular decomposition matrix is known) is Ru, discovered by Rudvalis. Our presentation will again skip most details along the way. The maximal 2-local subgroups are [CCN + 85, p. 126]:
H 1 ∼ = 2 . 2 4+6 : S 5 , H 3 ∼ = 2 3+8 : L 3 (2), and H 6 ∼ = (2 6 : U 3 (3)): 2 ∼ = 2 6 G 2 (2). Note that H 6 is a maximal 2-local subgroup (because it is both maximal and it is the normalizer of a 2-group). The diagram for the natural geometry of Ru is [RS80, p. 288]: -256, -81, 0, -23, 0, 0, 0, 0, -1, 0, 0, 35, 1, 1, 1, -3, 0, 0, 0, 0, 0, 0, 0, -1, -1, -1,  13, 13 ]. This does not vanish at element 2B, so L Ru b2 is non-projective. We minimize the number of non-projective characters and express the Lefschetz character of this block as L Ru b2 = P (φ 6 ) + P (φ 7 ) + 6P (φ 9 ) + χ 36 .
Observations. The Lefschetz character of Ru has its non-projective part contained in the block of defect 2 as predicted. This defect value of 2 matches the 2-power difference between |Ru| 2 and | L Ru | 2 , following Smith's observation.
Future directions
For the block parts of Lefschetz modules that we found to have the character of a projective module, we suggest that the method of Steinberg module inversion by Webb [Web87a] as extended by Grodal [Gro02] could possibly be used to show that the block part is actually a projective module in each case. Throughout our work, we speculated about non-projective Lefschetz modules with Euler characteristic values at 2-elements that matched those of well-known non-contractible geometries. In these cases, it is likely possible to show that the set of fixed points of the natural geometry of the group is homotopy equivalent to the well-known geometry. There are still seven sporadic groups whose Lefschetz characters could be computed (but they could not be decomposed mod 2 since the 2-modular irreducibles of these groups are not yet known). For further directions, some different geometries for each group could be studied, as indicated by Benson-Smith [BS06] . The block decomposition corresponding to primes p = 2 could also be explored.
